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A STATISTICAL VIEW ON THE CONJECTURE OF LANG
ABOUT THE CANONICAL HEIGHT ON ELLIPTIC CURVES
by
Pierre Le Boudec
Abstract. — We adopt a statistical point of view on the conjecture of Lang which
predicts a lower bound for the canonical height of non-torsion rational points on
elliptic curves defined over Q. More specifically, we prove that among the family
of all elliptic curves defined over Q and having positive rank, there is a density one
subfamily of curves which satisfy a strong form of Lang’s conjecture.
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1. Introduction
Adopting a statistical point of view on Diophantine problems often allows to gain
insight into the questions at hand. This idea was recently illustrated in the context
of the arithmetic of elliptic curves by the astonishing achievements of Bhargava and
Shankar (see [BS15a], [BS15b], [BS13a] and [BS13b]) and of Bhargava, Skinner
and Zhang (see [BS14] and [BSZ14]).
A famous conjecture of Lang predicts a lower bound for the canonical height of
non-torsion rational points on elliptic curves defined over number fields. The goal of
this article is to attack this conjecture over the field of rational numbers adopting
the statistical point of view of Bhargava and his collaborators. We note here that we
have restricted ourselves to the field Q as some of the tools involved in our work do
not generalize immediately to the case of general number fields.
We start by recalling Lang’s Conjecture [Lan78, Page 92]. Let E be an elliptic
curve defined over Q. The celebrated Mordell-Weil Theorem asserts that E(Q) is a
finitely generated abelian group. We respectively let rankE(Q) and E(Q)tors denote
its rank and its torsion subgroup. In addition, we let hˆE be the canonical height on
E (see Subsection 2.2 for its definition) and finally we let ∆min(E) be the minimal
discriminant of E.
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Conjecture A (Lang). — There exists a constant c > 0 such that for any elliptic
curve E defined over Q and any P ∈ E(Q)r E(Q)tors, we have the lower bound
hˆE(P ) > c log |∆min(E)|.
Conjecture A is widely believed to be buried very deep. Nevertheless, Silverman
has established the analog conjecture for elliptic curves with integral j-invariant (see
[Sil81]) and for families of twists of a fixed elliptic curve (see [Sil84]). Moreover, the
work of Hindry and Silverman [HS88] implies in particular that Conjecture A follows
from Szpiro’s Conjecture [Szp90]. It is also worth mentioning that Silverman [Sil10]
has proved that a significantly weaker version of Szpiro’s Conjecture also implies
Conjecture A. As a result, it seems unlikely that Conjecture A implies the standard
version of Szpiro’s Conjecture.
We now introduce the material needed to state our results. For (A,B) ∈ Z2
such that 4A3 + 27B2 6= 0, we let EA,B be the elliptic curve defined over Q by the
Weierstrass equation
y2 = x3 + Ax+B.
We also let F be the family of all elliptic curves EA,B where (A,B) ∈ Z2 satisfies the
assumption that for any prime number p, we have either p4 ∤ A or p6 ∤ B. In addition,
we define the height of an elliptic curve EA,B ∈ F by
H(EA,B) = max{4|A|3, 27B2}.
Also, for EA,B ∈ F , we introduce the quantity µ(EA,B) defined by
µ(EA,B) = min{hˆEA,B (P ) : P ∈ EA,B(Q)r EA,B(Q)tors},
if rankEA,B(Q) ≥ 1 and µ(EA,B) =∞ if rankEA,B(Q) = 0. Finally, we set
F(X) = {EA,B ∈ F : H(EA,B) ≤ X},
and
F≥1(X) = {EA,B ∈ F(X) : rankEA,B(Q) ≥ 1}.
We note that there exists a variant of Conjecture A where log |∆min(E)| is replaced
by max{log |∆min(E)|, h(j(E) : 1)} where h : P1(Q) → R≥0 is the logarithmic Weil
height and j(E) is the j-invariant of the curve E. Silverman has pointed out to the
author that this lower bound is often more useful for applications. Noting that we
clearly have
max{log |∆min(EA,B)|, h(j(EA,B) : 1)} ≤ logH(EA,B) + log 1728,
we see that our methods allow us to also deal with this stronger variant.
The main result of this article is the following.
Theorem 1. — Let c < 7/24 be fixed. We have the equality
lim
X→∞
#{EA,B ∈ F≥1(X) : µ(EA,B) > c logH(EA,B)}
#F≥1(X)
= 1.
In other words, Theorem 1 states that among the family of all elliptic curves
defined over Q and having positive rank, there is a density one subfamily of curves
which satisfy a strong form of Conjecture A, where the word density is interpreted
using the ordering of elliptic curves by height.
The author [LB16] has recently studied the analogous problem for families of
quadratic twists of a fixed elliptic curve. It is important to note that for these families,
the analog of Conjecture A trivially holds (see for instance [LB16, Section 2.2]). This
is the main reason why the problem investigated in the present article is substantially
harder.
A STATISTICAL VIEW ON A CONJECTURE OF LANG 3
In addition, it should be stressed that there are many elliptic curves EA,B with
rather small µ(EA,B). For instance, the analysis of the case of families of quadratic
twists of a fixed elliptic curve given in [LB16, Section 2.2] shows that there are
infinitely many elliptic curves EA,B for which
µ(EA,B) ≤
1
48
logH(EA,B) +O(1).
Theorem 1 shows that families of elliptic curves satisfying such an inequality have to
be sparse.
Let us now describe the main steps of the proof of Theorem 1. According to the
philosophy of Hindry and Silverman [HS88], it is natural to try to get rid of the
elliptic curves whose Szpiro ratios are not under control. Therefore, we start by
showing that we can restrict our attention to a subfamily of elliptic curves which,
loosely speaking, have the property that their discriminants are not far from being
squarefree.
Then, the second step of the proof consists in checking that for the elliptic curves
in this subfamily, the canonical height and the Weil height have comparable size. This
is carried out by making use of the decomposition of the canonical height into a sum
of Néron local heights.
Putting these two first steps together, we can reduce the proof of Theorem 1 to the
problem of counting the number of integral solutions to the Diophantine equation in
five variables
y2 = w3 +Awq4 +Bq6,
where w, y, q, A and B are restricted to lie in boxes. This Diophantine equation is
then viewed as two congruences modulo w and q4 respectively. Unfortunately, there
seems to be no other option than dealing with the first one in a trivial way. Then, the
second one is tackled using the work of Baier and Browning [BB13], which gives a
nice upper bound for the number of solutions to an inhomogeneous cubic congruence
and which is particularly efficient when the modulus of the congruence is divisible by
large powers. We note that refining our strategy to deal with this counting problem
may lead to an improvement of the constant 7/24 appearing in Theorem 1. However,
this does not seem to be an easy task.
Eventually, the last step of the proof consists in using the work of Bhargava and
Skinner [BS14] who established that, when elliptic curves defined over Q are ordered
by height, a positive proportion have rank equal to 1.
We would like to finish this introduction by providing evidence supporting the fact
that a much stronger result than Theorem 1 should actually hold. To begin with, we
note that the analogy with Goldfeld’s Conjecture [Gol79] about the average rank in
families of quadratic twists of a fixed elliptic curve naturally leads to the expectation
that
lim
X→∞
#{EA,B ∈ F≥1(X) : rankEA,B(Q) = 1}
#F≥1(X)
= 1.
We remark that Goldfeld’s Conjecture is supported by the Katz-Sarnak Philosophy
(see [KS99, Page 15]) about zeros of L-functions and also by Random Matrix Theory
heuristics (see for instance [CKRS02, Conjecture 1]). As a result, we can restrict
our attention to elliptic curves EA,B ∈ F≥1(X) which have rank equal to 1.
Let X(EA,B) and Ω(EA,B) respectively denote the Tate-Shafarevich group and
the real period of an elliptic curve EA,B ∈ F≥1(X). We recall that the Birch and
Swinnerton-Dyer Conjecture predicts that the central value of the derivative of the
Hasse-Weil L-function of a curve EA,B ∈ F≥1(X) with rank 1 should essentially be
equal to
Ω(EA,B)#X(EA,B)µ(EA,B).
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Moreover, it is not hard to check that Ω(EA,B) has size about H(EA,B)−1/12 (see for
instance [Lan83, Section 1]).
Then, we note that for families of quadratic twists of a fixed elliptic curve, an
asymptotic formula for the average of the central values of the derivatives of the
Hasse-Weil L-functions is known (see [Iwa90, Theorem] and [MM91, Theorem 1]).
Putting all these remarks together, we may conjecture that there exists C > 0 such
that
1
#F≥1(X)
∑
EA,B∈F≥1(X)
rankEA,B(Q)=1
#X(EA,B)µ(EA,B) ∼ CX1/12 logX.
Finally, the heuristics given by Delaunay [Del01] and Bhargava, Kane, Lenstra,
Poonen and Rains [BKL+15] use different methods but both lead to the prediction
that #X(EA,B) should be small very often. We are thus led to make the following
conjecture.
Conjecture 1. — Let ε > 0 be fixed. We have the equality
lim
X→∞
#{EA,B ∈ F≥1(X) : µ(EA,B) > H(EA,B)1/12−ε}
#F≥1(X)
= 1.
We remark that Conjecture 1 is the analog of [LB16, Conjecture 1] which deals
with families of quadratic twists of a fixed elliptic curve.
It is worth noting that it could be fair to attribute Conjecture 1 to Lang since this
general philosophy was implicit in his investigation [Lan83, Section 1]. More precisely,
Conjecture 1 essentially states that the conjectural upper bound for µ(EA,B) stated in
[Lan83, Conjecture 3] is almost optimal for most elliptic curves. However, following
the referee’s advice based on the fact that Conjecture 1 does not explicitly appear in
the works of Lang, the author has not directly attributed it to him.
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2. Preliminaries
2.1. Restricting to a subfamily of the family of all elliptic curves. — We
start by remarking that an elementary sieving argument (see for instance [Bru92,
Lemma 4.3]) shows that
(2.1) #F(X) ∼
24/3
33/2ζ(10)
X5/6,
where ζ denotes the Riemann zeta function.
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In addition, we define the discriminant of an elliptic curve EA,B ∈ F by
∆(EA,B) = −16(4A3 + 27B2).
For n ∈ Z6=0, there is a unique way to write n = mℓ2 with ℓ ≥ 1 and m squarefree.
We denote by sq(n) the only such integer ℓ. For δ ∈ (0, 1), we let
(2.2) Fδ(X) =
{
EA,B ∈ F(X) :
|∆(EA,B)| > X1−δ
sq(∆(EA,B)) ≤ 4Xδ
}
.
The following lemma states that for any fixed δ ∈ (0, 1/6), the cardinality of the
subset Fδ(X) is asymptotically as large as the cardinality of the total set F(X).
Lemma 1. — Let δ ∈ (0, 1/6) be fixed. We have the estimate
#Fδ(X) = #F(X)
(
1 +O
(
1
X5δ/6
))
.
Proof. — Recalling the asymptotic formula (2.1), we see that our aim is to establish
the upper bound
#F(X)−#Fδ(X)≪ X5/6−5δ/6.
In order to do so, we check that we have
(2.3) #{EA,B ∈ F(X) : |∆(EA,B)| ≤ X1−δ} ≪ X5/6−5δ/6,
and
(2.4) #{EA,B ∈ F(X) : sq(∆(EA,B)) > 4Xδ} ≪ X5/6−5δ/6.
We start by proving the upper bound (2.3). We have
#{EA,B ∈ F(X) : |∆(EA,B)| ≤ X1−δ} ≤ #
{
(A,B) ∈ Z2 :
|A| ≤ X1/3
|4A3 + 27B2| ≤ X1−δ
}
.
First, it is clear that
(2.5) #
{
(A,B) ∈ Z2 :
|A| ≤ X1/3−δ/3
|4A3 + 27B2| ≤ X1−δ
}
≪ X5/6−5δ/6.
In addition, if |A| > X1/3−δ/3 then the estimate
B2 = −
4
27
A3
(
1 +O
(
X1−δ
|A|3
))
implies that
|B| =
2
271/2
|A|3/2 +O
(
X1−δ
|A|3/2
)
.
Therefore, we get
#
{
(A,B) ∈ Z2 :
X1/3−δ/3 < |A| ≤ X1/3
|4A3 + 27B2| ≤ X1−δ
}
≪
∑
X1/3−δ/3<|A|≤X1/3
(
X1−δ
|A|3/2
+ 1
)
,
which eventually gives
(2.6) #
{
(A,B) ∈ Z2 :
X1/3−δ/3 < |A| ≤ X1/3
|4A3 + 27B2| ≤ X1−δ
}
≪ X5/6−5δ/6.
The upper bound (2.3) directly follows from the upper bounds (2.5) and (2.6).
We now prove the upper bound (2.4). First, we note that
(2.7) #{EA,B ∈ F(X) : AB = 0} ≪ X1/2.
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We introduce the set
Eδ(X) =

(A,B,m, ℓ) ∈ Z36=0 × Z≥1 :
|A|3, B2 ≤ X
ℓ > Xδ
4A3 + 27B2 = mℓ2

 .
The upper bound (2.7) shows that
#{EA,B ∈ F(X) : sq(∆(EA,B)) > 4Xδ} ≪ #Eδ(X) +X1/2.
As a result, in order to establish the upper bound (2.4), it suffices to check that we
have
(2.8) #Eδ(X)≪ X5/6−5δ/6.
We define
E
(1)
δ (X) = {(A,B,m, ℓ) ∈ Eδ(X) : ℓ > X
1/3},
and E(2)δ (X) = Eδ(X)r E
(1)
δ (X), so that
(2.9) #Eδ(X) = #E
(1)
δ (X) + #E
(2)
δ (X).
We start by proving an upper bound for the cardinality of the set E(1)δ (X). We note
that we have mℓ2 ≪ X . Therefore, the condition ℓ > X1/3 implies that m ≪ X1/3.
Since Am 6= 0 and A,m≪ X1/3, it follows from the work of Estermann [Est31] that
we have
#
{
(B, ℓ) ∈ Z6=0 × Z≥1 :
B, ℓ≪ X1/2
4A3 + 27B2 = mℓ2
}
≪ Xε,
for any fixed ε > 0, which finally gives
(2.10) #E(1)δ (X)≪ X
2/3+ε.
We now prove an upper bound for the cardinality of the set E(2)δ (X). To do so, we
write
#E(2)δ (X) ≤ #

(A,B, ℓ) ∈ Z26=0 × Z≥1 :
|A|3, B2 ≤ X
Xδ < ℓ ≤ X1/3
27B2 = −4A3 (mod ℓ2)

 .
Setting d = gcd(B, ℓ), we see that d2 | 4A3 and gcd(4A3/d2, ℓ2/d2) | 27. We thus
have
#E(2)δ (X)≪
∑
1≤|A|≤X1/3
∑
d2|4A3
∑
Xδ<dn≤X1/3
gcd(4A3/d2,n2)|27
#
{
b ∈ Z6=0 :
|b| ≤ X1/2/d
27b2 = α (mod n2)
}
,
where we have set α = −4A3/d2. Since gcd(α, n2) is bounded by an absolute constant,
we can make use of the classical upper bound
#
{
b ∈ Z6=0 :
|b| ≤ X1/2/d
27b2 = α (mod n2)
}
≪ nε
(
X1/2
dn2
+ 1
)
,
for any fixed ε > 0. We thus obtain
#E(2)δ (X)≪ X
ε
∑
1≤|A|≤X1/3
∑
d2|4A3
(
X1/2−δ +X1/3
)
.
Using the divisor bound, we get
(2.11) #E(2)δ (X)≪ X
5/6−δ+ε +X2/3+ε.
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As a result, putting together the equality (2.9) and the upper bounds (2.10) and
(2.11), we eventually deduce that
#Eδ(X)≪ X5/6−δ+ε +X2/3+ε.
Using the fact that δ < 1/6 and choosing ε = δ/6 we obtain the upper bound (2.8),
which completes the proof.
2.2. On the difference between the Weil height and the canonical height.
— We start by recalling the definitions of several height functions (see for instance
[Sil09, Chapter VIII] for more details). We let h : P1(Q) → R≥0 be the logarithmic
Weil height and we let hx : P2(Q)→ R≥0 be defined by
hx(x : y : z) = h(x : z),
if (x : y : z) 6= (0 : 1 : 0) and hx(0 : 1 : 0) = 0. We also recall that the canonical
height hˆE : E(Q)→ R≥0 on an elliptic curve E is defined by setting
hˆE(P ) =
1
2
lim
n→∞
1
4n
hx(2nP ),
for P ∈ E(Q), and where 2nP denotes the point obtained by adding the point P to
itself 2n times using the group law of E.
In addition, we need to introduce the j-invariant of an elliptic curve. For EA,B ∈ F ,
we thus define
(2.12) j(EA,B) = −1728
(4A)3
∆(EA,B)
.
The following result states that if δ ∈ (0, 1) is fixed then for any EA,B ∈ Fδ(X),
the height hx/2 is essentially bounded above by the canonical height hˆEA,B . We note
that Alpoge [Alp15, Section 4.2] has recently made similar remarks.
Lemma 2. — Let δ ∈ (0, 1) be fixed. For any EA,B ∈ Fδ(X), we have the lower
bound
hˆEA,B −
1
2
hx ≥ −
δ
2
logX − 3.
Proof. — The inequality clearly holds at the point at infinity. Therefore, all along
the proof, we let P ∈ EA,B(Q) be distinct from the point at infinity. We also let
x(P ) denote the only rational number such that the coordinates of P in P2(Q) can
be written as (x(P ) : y(P ) : 1) for some y(P ) ∈ Q.
Let λ∞ and λp, for any prime number p, denote the Néron local heights relative
to the point at infinity (see [Sil94, Chapter VI, Theorem 1.1]). Recall that the
canonical height hˆEA,B can be decomposed into the sum of these local heights (see
[Sil94, Chapter VI, Theorem 2.1]). We thus have
hˆEA,B (P ) =
∑
p
λp(P ) + λ∞(P ).
We now introduce some notation. For any prime number p and any n ∈ Z6=0, we
let vp(n) denote the p-adic valuation of n and we define as usual
|n|p =
1
pvp(n)
.
In order to extend this definition to Q, we let |0|p = 0 and, for any (r, s) ∈ Z × Z6=0,
we set ∣∣∣r
s
∣∣∣
p
=
|r|p
|s|p
.
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Finally, for u ∈ R, it is convenient to set log+ u = logmax{1, u}, so that for any
t ∈ Q, we have
h(t : 1) =
∑
p
log+ |t|p + log
+ |t|.
This equality and [Sil94, Chapter VI, Theorem 4.1] give
hˆEA,B (P )−
1
2
hx(P ) =
∑
p|∆(EA,B)
(
λp(P )−
1
2
log+ |x(P )|p
)
+ λ∞(P )−
1
2
log+ |x(P )|.
Therefore, we are led to establishing lower bounds for the differences between the
local heights. We start with the finite places and we distinguish two cases depending
on whether vp(∆(EA,B)) ≥ 2 or vp(∆(EA,B)) = 1.
For the prime numbers p for which vp(∆(EA,B)) ≥ 2, we make use of the inequality
[Sil90, Theorem 4.1, Part (a)] which states that
λp(P )−
1
2
log+ |x(P )|p ≥ −
1
24
log+ |j(EA,B)|p.
Since |j(EA,B)|p ≤ pvp(∆(EA,B)), we have log
+ |j(EA,B)|p ≤ log pvp(∆(EA,B)). As a
result, we get
(2.13) ∑
vp(∆(EA,B))≥2
(
λp(P )−
1
2
log+ |x(P )|p
)
≥ −
1
24
∑
vp(∆(EA,B))≥2
log pvp(∆(EA,B)).
If vp(∆(EA,B)) is even then
vp(∆(EA,B)) = 2vp(sq(∆(EA,B))),
and if vp(∆(EA,B)) is odd then
vp(∆(EA,B)) = 2vp(sq(∆(EA,B))) + 1.
In both cases, if vp(∆(EA,B)) ≥ 2, we have
vp(∆(EA,B)) ≤ 3vp(sq(∆(EA,B))).
Therefore, we get ∏
vp(∆(EA,B))≥2
pvp(∆(EA,B)) ≤ sq(∆(EA,B))3.
Since sq(∆(EA,B)) ≤ 4Xδ, this eventually gives
(2.14)
∏
vp(∆(EA,B))≥2
pvp(∆(EA,B)) ≤ 43X3δ.
The inequality (2.13) thus implies
(2.15)
∑
vp(∆(EA,B))≥2
(
λp(P )−
1
2
log+ |x(P )|p
)
≥ −
δ
8
logX − 0.2.
For the prime numbers p for which vp(∆(EA,B)) = 1, we see that we necessarily
have vp(6A) = 0. Indeed, if we had p = 2 or p = 3 or p | A then we would have
vp(∆(EA,B)) ≥ 2. Thus, we also have |j(EA,B)|p = p by the definition (2.12) of
j(EA,B). As a result, we can use the inequality [Sil90, Theorem 4.1, Part (b)] which
states that
λp(P )−
1
2
log+ |x(P )|p ≥
1
12
log+ |j(EA,B)|p
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This immediately gives
∑
vp(∆(EA,B))=1
(
λp(P )−
1
2
log+ |x(P )|p
)
≥
1
12
∑
vp(∆(EA,B))=1
log p.
Using the inequality (2.14), we thus deduce that
(2.16)
∑
vp(∆(EA,B))=1
(
λp(P )−
1
2
log+ |x(P )|p
)
≥
1
12
log |∆(EA,B)| −
δ
4
logX − 0.4.
Finally, we treat the case of the archimedean place. Using [Sil90, Theorem 5.5],
we get
λ∞(P )−
1
2
log+ |x(P )| ≥ −
1
12
log |∆(EA,B)| −
1
8
log+ |j(EA,B)| − 1.
Since |∆(EA,B)| > X1−δ and 4|A|3 ≤ X , we have |j(EA,B)| ≤ 1728·42Xδ. Therefore,
we see that
(2.17) λ∞(P )−
1
2
log+ |x(P )| ≥ −
1
12
log |∆(EA,B)| −
δ
8
logX − 2.3.
Adding up the three inequalities (2.15), (2.16) and (2.17), we finally deduce that
hˆEA,B (P )−
1
2
hx(P ) ≥ −
δ
2
logX − 3,
which completes the proof.
2.3. Weierstrass equations and parametrization of rational points. — We
describe here a classical procedure to parametrize rational points on elliptic curves
defined by Weierstrass equations. The following result is, for instance, a particular
case of [LB16, Lemma 1].
Lemma 3. — Let (A,B) ∈ Z2 be such that 4A3 +27B2 6= 0. Let (x, y, z) ∈ Z×Z2≥1
satisfying gcd(x, y, z) = 1 and
y2z = x3 +Axz2 +Bz3.
Then, there is a unique way to write x = wq and z = q3 where (w, q) ∈ Z × Z≥1
satisfies the condition gcd(w, q) = 1 and the equation
y2 = w3 +Awq4 +Bq6.
2.4. On the number of solutions to an inhomogeneous cubic congruence.
— We now state a result which follows directly from the deep work of Baier and
Browning [BB13]. It provides a nice upper bound for the number of solutions to an
inhomogeneous cubic congruence in two variables restricted to lie in a box, in the case
where the modulus of the congruence is a fourth power.
For U, V ≥ 1 and q ∈ Z≥1, we define
(2.18) M(U, V, q) = #

(u, v) ∈ Z2 :
v2 = u3 (mod q4)
|u| ≤ U, |v| ≤ V
gcd(uv, q) = 1

 .
The following lemma is a particular case of the result of Baier and Browning [BB13,
Theorem 1.2].
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Lemma 4. — Let ε > 0 be fixed. For U, V ≥ 1 and q ∈ Z≥1, we have the upper
bound
M(U, V, q)≪ (UV q)ε
(
UV
q4
+
V
q2
+
U3/4V 1/2
q2
+
q2U
V
+
q2
U1/2
)
.
Therefore, if q ≪ U1/2 and U ≪ V 2/3 then we have the upper bound
M(U, V, q)≪ V ε
UV
q4
.
It is clear that M(U, V, q) is expected to be of size UV/q4 provided that U and
V are large enough in terms of q. Therefore, we see that the upper bound available
under the assumptions q ≪ U1/2 and U ≪ V 2/3 is as good as possible up to the
factor V ε.
It is also worth pointing out that Lemma 4 is stronger than the upper bound which
would follow from a direct application of Weil’s bound (consequence of the Riemann
Hypothesis for curves defined over finite fields) for the exponential sums involved in
this counting problem.
2.5. On the number of elliptic curves with a non-torsion rational point of
small height. — For X,T ≥ 1, we define
(2.19) N (X,T ) = #{EA,B ∈ F(X) : µ(EA,B) ≤ logT }.
In the following lemma, we establish an upper bound for the quantity N (X,T ) which
shall be considered as the key tool in the proof of Theorem 1. We remark that this
upper bound is nontrivial provided that T ≤ X7/24−η for some η > 0. Moreover,
we should definitely stress that any improvement on this exponent would directly
translate into an improvement on the constant 7/24 appearing in the statement of
Theorem 1.
Lemma 5. — Let δ ∈ (0, 1/6) be fixed. For X,T ≥ 1, we have the upper bound
N (X,T )≪ (XT )2δ
(
X3/4 +X5/12T +X1/4T 2 +X−1/12T 3
)
+X5/6−5δ/6.
Proof. — Recall the definition (2.2) of Fδ(X). Our first aim is to apply Lemma 2.
In order to do so, we let δ ∈ (0, 1/6) and we note that Lemma 1 implies in particular
that
(2.20) N (X,T ) = Nδ(X,T ) +O(X5/6−5δ/6),
where we have set
Nδ(X,T ) = #{EA,B ∈ Fδ(X) : µ(EA,B) ≤ logT }.
In addition, we clearly have
Nδ(X,T ) ≤
∑
EA,B∈Fδ(X)
#{P ∈ EA,B(Q)r EA,B(Q)tors : hˆEA,B (P ) ≤ logT }.
Using Lemma 2, we obtain
Nδ(X,T )≪
∑
EA,B∈Fδ(X)
#{P ∈ EA,B(Q)r EA,B(Q)tors : exphx(P )≪ T 2Xδ}.
Now that we have used Lemma 2, we no longer need to restrict our summation to the
set Fδ(X). We thus write
Nδ(X,T )≪
∑
EA,B∈F(X)
#{P ∈ EA,B(Q)r EA,B(Q)tors : exphx(P )≪ T 2Xδ}.
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It follows from Lemma 3 that
Nδ(X,T )≪ #S(X,T ),
where we have set
S(X,T ) =


(A,B,w, y, q) ∈ Z3 × Z2≥1 :
y2 = w3 +Awq4 +Bq6
4|A|3, 27B2 ≤ X
w, q2 ≪ T 2Xδ
gcd(w, q) = 1


.
We define
S(1)(X,T ) = {(A,B,w, y, q) ∈ S(X,T ) : |w| > X1/6q2},
and S(2)(X,T ) = S(X,T )r S(1)(X,T ), so that
(2.21) Nδ(X,T )≪ #S(1)(X,T ) + #S(2)(X,T ).
We start by proving an upper bound for the cardinality of the set S(1)(X,T ). We
note that the equation y2 = w3 +Awq4 +Bq6 and the condition |w| > X1/6q2 imply
that w > 0 and
y2 = w3
(
1 +O
(
X1/3q4
w2
))
.
Therefore, we also have
y = w3/2 +O
(
X1/3q4
w1/2
)
.
We thus get
#S(1)(X,T )≪
∑
w,q2≪T 2Xδ
w>X1/6q2
gcd(w,q)=1
#

(A,B, y) ∈ Z2 × Z≥1 :
y2 = w3 +Awq4 +Bq6
|A|3, B2 ≤ X
y − w3/2 ≪ X1/3q4w−1/2

 .
For fixed (w, q) ∈ Z2≥1 satisfying gcd(w, q) = 1 and for fixed y ∈ Z≥1 and B ∈ Z, we
see that the equation y2 = w3 +Awq4 + Bq6 has a solution A ∈ Z if and only if the
two congruences y2 = Bq6 (mod w) and y2 = w3 (mod q4) hold. It follows from this
observation that
#S(1)(X,T )≪
∑
w,q2≪T 2Xδ
w>X1/6q2
gcd(w,q)=1
#


(B, y) ∈ Z× Z≥1 :
y2 = Bq6 (mod w)
y2 = w3 (mod q4)
|B| ≤ X1/2
y − w3/2 ≪ X1/3q4w−1/2


.
For fixed (w, q) ∈ Z2≥1 satisfying gcd(w, q) = 1 and fixed y ∈ Z≥1, we use the trivial
upper bound
#
{
B ∈ Z : |B| ≤ X
1/2
y2 = Bq6 (mod w)
}
≪
X1/2
w
+ 1.
We deduce
#S(1)(X,T )≪
∑
w,q2≪T 2Xδ
w>X1/6q2
gcd(w,q)=1
#
{
y ∈ Z≥1 :
y2 = w3 (mod q4)
y − w3/2 ≪ X1/3q4w−1/2
}(
X1/2
w
+ 1
)
.
For fixed (w, q) ∈ Z2≥1 satisfying gcd(w, q) = 1, we make use of the upper bound
#
{
y ∈ Z≥1 :
y2 = w3 (mod q4)
y − w3/2 ≪ X1/3q4w−1/2
}
≪ qε
(
X1/3
w1/2
+ 1
)
,
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for any fixed ε > 0. This gives
#S(1)(X,T )≪ (XT )ε
∑
w,q2≪T 2Xδ
w>X1/6q2
(
X1/3
w1/2
+ 1
)(
X1/2
w
+ 1
)
.
We finally obtain
(2.22) #S(1)(X,T )≪ (XT )ε
(
X3/4 +X5/12+δ/2T +X1/4+δT 2 +X−1/12+3δ/2T 3
)
.
We now prove an upper bound for the cardinality of the set S(2)(X,T ). We note
that the equation y2 = w3 +Awq4 +Bq6 and the condition |w| ≤ X1/6q2 imply that
y ≤ 2X1/4q3 and
(2.23) B =
y2 − w3
q6
+O
(
X1/3w
q2
)
.
Therefore, we have
#S(2)(X,T )≪
∑
q≪TXδ/2
#


(A,B,w, y) ∈ Z3 × Z≥1 :
y2 = w3 +Awq4 +Bq6
(2.23)
w≪ min{T 2Xδ, X1/6q2}
y ≤ 2X1/4q3
gcd(w, q) = 1


.
Recall the definition (2.18) ofM(U, V, q). Reasoning as in the first case to count the
number of admissible (A,B) ∈ Z2 for fixed (w, q) ∈ Z× Z≥1 satisfying gcd(w, q) = 1
and fixed y ∈ Z≥1, we obtain
#S(2)(X,T )≪
∑
q≪TXδ/2
M(min{T 2Xδ, X1/6q2}, 2X1/4q3, q)
(
X1/3
q2
+ 1
)
.
Since we clearly have the upper bounds
q ≪ min{T 2Xδ, X1/6q2}1/2,
and
min{T 2Xδ, X1/6q2} ≪ (X1/4q3)2/3,
Lemma 4 gives
M(min{T 2Xδ, X1/6q2}, 2X1/4q3, q)≪ (XT )ε
min{T 2Xδ, X1/6q2}X1/4
q
.
Therefore, we deduce that
#S(2)(X,T )≪ (XT )ε
∑
q≪TXδ/2
(
X3/4
q
+
X1/4+δT 2
q
)
,
which eventually gives
(2.24) #S(2)(X,T )≪ (XT )ε
(
X3/4 +X1/4+δT 2
)
.
Recalling the upper bounds (2.21), (2.22) and (2.24), we see that we have
Nδ(X,T )≪ (XT )ε
(
X3/4 +X5/12+δ/2T +X1/4+δT 2 +X−1/12+3δ/2T 3
)
.
Recalling the estimate (2.20), we eventually obtain
N (X,T )≪ (XT )ε
(
X3/4 +X5/12+δ/2T +X1/4+δT 2 +X−1/12+3δ/2T 3
)
+X5/6−5δ/6.
Choosing ε = δ/2 completes the proof.
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2.6. On the number of elliptic curves with positive rank. — We now give
a lower bound for the cardinality of the set F≥1(X). The result of Bhargava and
Skinner [BS14, Theorem 1] (later refined by the same authors together with Zhang
[BSZ14, Theorem 3]) states that
#{EA,B ∈ F(X) : rankEA,B(Q) = 1} ≫ #F(X),
so in particular we have the following lemma.
Lemma 6. — We have the lower bound
#F≥1(X)≫ #F(X).
3. Proof of Theorem 1
Our aim is to prove that for any fixed ϑ ∈ (0, 7/24), we have the equality
lim
X→∞
#{EA,B ∈ F≥1(X) : µ(EA,B) ≤ (7/24− ϑ) logH(EA,B)}
#F≥1(X)
= 0.
Recalling the definition (2.19) of N (X,T ), we see that
#{EA,B ∈ F≥1(X) : µ(EA,B) ≤ (7/24− ϑ) logH(EA,B)} ≤ N (X,X7/24−ϑ).
We can clearly assume without loss of generality that ϑ < 1/24. Therefore, for any
fixed δ ∈ (0, 1/6), Lemma 5 implies that
#{EA,B ∈ F≥1(X) : µ(EA,B) ≤ (7/24−ϑ) logH(EA,B)} ≪ X5/6−2ϑ+3δ+X5/6−5δ/6.
Choosing for instance δ = 2ϑ/5, we deduce that
#{EA,B ∈ F≥1(X) : µ(EA,B) ≤ (7/24− ϑ) logH(EA,B)} ≪ X5/6−ϑ/3.
Using Lemma 6 and the estimate (2.1), we eventually obtain
#{EA,B ∈ F≥1(X) : µ(EA,B) ≤ (7/24− ϑ) logH(EA,B)}
#F≥1(X)
≪ X−ϑ/3,
which completes the proof of Theorem 1.
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